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Abstract

Optimal tracking control (OTC) for discrete time-delay systems affected by persistent disturbances with quadratic performance index
is considered. By introducing a sensitivity parameter, the original OTC problem is transformed into a series of two-point boundary value
(TPBV) problems without time-advance or time-delay terms. The obtained OTC law consists of analytic feedforward and feedback terms
and a compensation term which is the sum of an infinite series of adjoint vectors. The analytic feedforward and feedback terms can be
found by solving a Riccati matrix equation and two Stein matrix equations. The compensation term can be obtained by using an iteration
formula of the adjoint vectors. Observers are constructed to make the approximate OTC law physically realizable. A simulation example
shows that the approximate approach is effective in tracking the reference input and robust with respect to exogenous persistent
disturbances.
� 2007 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.
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1. Introduction

Time-delay is quite common in practical control sys-
tems. The optimal control problems for time-delay have
been deeply investigated, and many results on optimal con-
trol problems for input-delay and state-delay systems have
been obtained [1–3]. The optimal control problem for time-
delay systems with a quadratic performance index usually
leads to a TPBV problem with both time-advance and
time-delay terms, which is very difficult to be solved pre-
cisely [4–7]. Although discrete time-delay systems can be
transformed into systems without time-delay by expanding
the system’s dimension, systems of high dimension will suf-
fer from a ‘‘dimension disaster’’, which can burden

computers with geometric progression. Therefore, finding
an approximate optimal control law is one of the important
aims of researchers. A successive approximation approach
has been presented to generate the suboptimal control law
of time-delay or nonlinear systems, which avoids the com-
plexity of solving the TPBV problems with time-delay or
nonlinear terms [4,7].

There are various external disturbances in practice,
which affect the performance of systems. Therefore, it is
worthwhile to study the optimal control of systems with
exogenous persistent disturbances. Recently, there are
many studies on optimal control problems, which are rele-
vant to disturbance rejection [8–10].

The aims of this paper are to address the OTC problem
using an infinite quadratic cost functional for a discrete sys-
tem with state time-delay, which is affected by persistent
disturbances. By introducing a sensitivity parameter e into
the variables of the systems and expanding the Maclaurin
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series around it at e = 0, we can transform the original
TPBV problem generated in the OTC control problems
with an infinite horizon quadratic cost functional into a
series of TPBV problems without delay or advance terms
accordingly. By solving the TPBV problem sequence recur-
sively, we can obtain the OTC law consisting of linear ana-
lytic state feedback terms and a compensation term. The
linear analytic state feedback terms can be uniquely solved
by a Riccati matrix equation and two Stein matrix equa-
tions. The compensation term can be obtained with a
recursion formula of adjoint vectors. The existence and
uniqueness of the OTC law are proved and the physically
realizable problem of the OTC law is considered. Finally,
performance of the obtained OTC law is verified by an
illustrative example. The simulation results show that the
obtained regulator is easy to implement and robust with
respect to additive persistent disturbances.

2. Problem statement

Consider discrete systems with time-delay described by

xðk þ 1Þ ¼ AxðkÞ þ A1xðk � sÞ þ BuðkÞ þMwðkÞ
xðkÞ ¼ uðkÞ; k 2 I0

yðkÞ ¼ CxðkÞ
ð1Þ

where x 2 Rn, u 2 Rr, y 2 Rm are the state, control input,
and output vectors, respectively; s is a positive integer
time-delay; u(k) is the known initial state function vector;
A, A1, B, C and M are constant matrices of appropriate
dimensions; I0 = { � s, � s + 1, . . ., 0}; w(k) 2 Rm is a dis-
turbance vector which can be given by the following
exosystem:

vðk þ 1Þ ¼ GvðkÞ
wðkÞ ¼ DvðkÞ

ð2Þ

where v 2 Rn; G and D are constant matrices of appropriate
dimensions.

Remark 1. The poles of system (2) satisfy |ki(G)| 6 1
(i = 1,2, � � � ,n); in addition, its poles on the unit circle
must be the simple root of minimum polynomial of G in
order to guarantee that exosystem (2) is stable or asymp-
totically stable.

The reference input ys which is tracked by y in system (1) is
given by

zðk þ 1Þ ¼ FzðkÞ
ysðkÞ ¼ HzðkÞ

ð3Þ

where z 2 Rn, ys 2 Rm; F and H are constant matrices of
appropriate dimensions. Assume that exosystem (3) is
asymptotically stable. The infinite horizon quadratic per-
formance index is described by

J ¼
X1

k¼0

eTðkÞQeðkÞ þ uTðkÞRuðkÞ
� �

ð4Þ

where Q 2 Rn·n, R 2 Rr·r are positive-definite matrices;
e(k) is the output error given by

eðkÞ ¼ ysðkÞ � yðkÞ ð5Þ

Note that system (1) is affected by the persistent distur-
bances v(k) in exosystem (2), which is stable but may
not be asymptotically stable. e(k) may not approximate
to zero as k increases to infinity. Therefore, the infinite
horizon quadratic performance index may not be conver-
gent due to persistent disturbances in system (1). We can
choose the infinite time quadratic performance index to
be

J ¼ lim
N!1

1

N

XN

k¼0

eTðkÞQeðkÞ þ uTðkÞRuðkÞ
� �

ð6Þ

The OTC problem is to find an optimal control law u*(k),
which minimizes quadratic performance index (4) or (6)
subject to the difference equations constraint (1).

3. Design of the optimal tracking controller

3.1. TPBV problem

We can obtain an infinite TPBV problem by applying
the necessary conditions of the maximum principle to
problems (1)–(4) in the form of

xðkþ1Þ¼AxðkÞþA1xðk�sÞ�BR�1BTkðkþ1ÞþMwðkÞ
kðkÞ¼CTQCxðkÞ�CTQHzðkÞþATkðkþ1ÞþAT

1 kðkþsþ1Þ
xðkÞ¼/ðkÞ; k2 I0

kð1Þ¼0

ð7Þ

The OTC law can be expressed as

uðkÞ ¼ �R�1BTkðk þ 1Þ ð8Þ

Unfortunately, since the TPBV problem in (7) contains
both time-delay and time-advance terms, it is extremely dif-
ficult to obtain its precise analytical solution. Therefore, it
is necessary to find an approximation approach that can be
used to solve this TPBV problem.

3.2. Simplification of the original TPBV problem

To simplify the original TPBV problem, we introduce a
sensitivity parameter e and construct a new TPBV problem
with e as follows:

xðk þ 1; eÞ ¼ Axðk; eÞ þ eA1xðk � s; eÞ
� BR�1BTkðk þ 1; eÞ þMwðkÞ

kðk; eÞ ¼ CTQCxðk; eÞ � CTQHzðkÞ
þ ATkðk þ 1; eÞ þ eAT

1 kðk þ sþ 1; eÞ
xðk; eÞ ¼ uðkÞ; k 2 I0

kð1; eÞ ¼ 0 ð9Þ
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We also construct a new control law in the form of

uðk; eÞ ¼ �R�1BTkðk þ 1; eÞ ð10Þ
Assume that x(k,e), k(k, e) and u(k,e) are differentiable infi-
nitely at e = 0 and that their Maclaurin series can be de-
scribed by

uðk; eÞ ¼
X1

i¼0

ei

i!
uðiÞðkÞ;

xðk; eÞ ¼
X1

i¼0

ei

i!
xðiÞðkÞ; kðk; eÞ ¼

X1

i¼0

ei

i!
kðiÞðkÞ ð11Þ

where (•)(i) = oi(•)/oei|e=0. Obviously, if the series in (11) are
convergent at e = 1, new TPBV problem (9) is equivalent to
original TPBV problem (7) when e = 1. The OTC law can
be written in the form of

u�ðkÞ ¼ uðk; 1Þ ¼
X1

i¼0

1

i!
uðiÞðkÞ: ð12Þ

In the following discussion, we assume that the series
in (11) is convergent at e = 1. It is almost impossible to
prove the conditions satisfying this assumption but we
can validate the convergence of the series in (11) at
e = 1 by using example simulations. Fortunately, we
have not encountered any case where this series
diverges.

Substituting (11) into (9) and comparing the coefficients
of the same order terms with respect to e, we obtain

xð0Þðk þ 1Þ ¼ Axð0ÞðkÞ � BR�1BTkð0Þðk þ 1Þ þMwðkÞ
kð0ÞðkÞ ¼ CTQCxð0ÞðkÞ � CTQHzðkÞ þ ATkð0Þðk þ 1Þ
xð0ÞðkÞ ¼ /ðkÞ; k 2 I0

kð0Þð1Þ ¼ 0

ð13Þ
and

xðiÞðkþ1Þ¼AxðiÞðkÞ�BR�1BTkðiÞðkþ1Þþ iA1xði�1Þðk�sÞ
kðiÞðkÞ¼CTQCxðiÞðkÞþATkðiÞðkþ1Þþ iAT

1 kði�1Þðkþsþ1Þ
xðiÞðkÞ¼ 0; k2 I0

kðiÞð1Þ¼ 0

i¼ 1;2; . . .

ð14Þ
Substituting (11) into (10), we obtain

uðiÞðkÞ ¼ �R�1BTkðiÞðk þ 1Þ; i ¼ 0; 1; 2; . . . : ð15Þ
Thus, TPBV problem (7) is transformed into a series of
TPBV problems in (13) and (14).

Remark 2. In the TPBV problem sequence in (13) and
(14), the ith step TPBV problem contains only time-
advance and time-delay terms of (i � 1)th step. There-
fore, an iterative process can be used to solve the TPBV
problem sequence.

3.3. Approximation process of OTC law

We next give the control law of the OTC problem. In
order to prove the existence and uniqueness of the OTC
law, we would like to introduce a lemma first.

Lemma 1 [11]. The Stein equation with respect to X 2 Rn·m

in the form of

BXA� X ¼ C ð16Þ
where A 2 Cm�m, B 2 Cn�n, C 2 Cn·m, has a unique solution

if and only if

kiðAÞkjðBÞ 6¼ 1; i ¼ 1; 2; � � � ;m; j ¼ 1; 2; � � � ; n ð17Þ

Theorem 1. Consider the OTC problem of discrete time-

delay system (1) with infinite horizon cost functional (4) with

respect to the disturbances defined by (2) and the desired out-

put described by exosystem (3). Assume that the following

conditions hold:

(i) (A,B) is completely controllable and (A,C) is com-

pletely observable;
(ii) The exosystem described by (3) is asymptotically

stable.

The OTC law is existent and unique. The OTC law is

expressed in the form of

u�ðkÞ ¼ �SBT

"

PAxðkÞ þ PA1xðk � sÞ þ P1FzðkÞ

þ PMD þ P2Gð ÞvðkÞ þ
X1

i¼1

1

i!
giðk þ 1Þ

#

ð18Þ

where S = (R + BTPB)�1; P is the unique positive-definite

solution of the Riccati equation

ATPTA � P þQ ¼ 0 ð19Þ

where T = I � BSBTP; P1 is the unique solution of the Stein

equation

ATTTP1F � P1 ¼ CTQH ð20Þ

P2 is the unique solution of the Stein equation

ATTTP2G � P2 ¼ �ATPTMD ð21Þ

and gi(k) represents adjoint vectors solved by means of the

following equation:

giðkÞ ¼
X1

m¼0

ATTT
� �m

iATPTA1xði�1Þðk � sþ mÞ
�

þiAT
1 kði�1Þðk þ 1þ sþ mÞ

�
; i ¼ 1; 2; . . . ð22Þ

where
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xð0Þðk þ 1Þ ¼ TAxð0ÞðkÞ � BSBTP1FzðkÞ
þ MD� BSBT PMD þ P2Gð Þ
� �

vðkÞ
xð0ÞðkÞ ¼ /ðkÞ; k 2 I0

xðiÞðk þ 1Þ ¼ TAxðiÞðkÞ � BSBTgiðk þ 1Þ
þ iTA1xði�1Þðk � sÞ

xðiÞðkÞ ¼ 0; k 2 I0

ð23Þ

and

kð0ÞðkÞ ¼ Pxð0ÞðkÞ þ P1zðkÞ þ P2vðkÞ
kðiÞðkÞ ¼ PxðiÞðkÞ þ giðkÞ; i ¼ 1; 2; . . .

ð24Þ

Proof. Firstly we consider the solution of u(0)(k). Let k(0)(k)
be the first equation of (24). Substituting the first equation
of (24) into (15), and considering (2) and (3), the 0th step
optimal control law can be written as

uð0ÞðkÞ ¼ �SBT PAxð0ÞðkÞ þ P1FzðkÞ
�

þ PMDþ P2Gð ÞvðkÞ� ð25Þ

From (13), (15) and (25), we get the first equation of
(23). Substituting the first equation of (23) into (25),
we have

kð0Þðk þ 1Þ ¼ PTAxð0ÞðkÞ þ TTP1FzðkÞ
þ TTðPMDþ P2GÞvðkÞ ð26Þ

From (26) and the second equation of (13), we get

kð0ÞðkÞ ¼ CTQC þ ATPTA
� �

xð0ÞðkÞ
þ ATTTP1F � CTQH
� �

zðkÞ
þ ATTT PMD þ P2Gð ÞvðkÞ ð27Þ

Compare the first equation of (24) with Eq. (27). Since the
right-hand side terms of (24) and (27) hold for any x(0)(k),
z(k) and v(k), we can obtain the Riccati equation (19), the
Stein equations (20) and (21), which yield the solutions for
P(k), P1(k) and P2(k), respectively.

We next consider the solution of u(i)(k) (i = 1,2, � � �). Let
k(i)(k) be the second equation of (24). Using the first
equation of (14), (15) and the second equation of (24), we
can get the ith step optimal control law

uðiÞðkÞ ¼ �SBT PAxðiÞðkÞ þ iPA1xði�1Þðk � sÞ
�

þ giðk þ 1Þ� ð28Þ

Substituting (28) and (15) into (14), we obtain the third
equation of (23). From the third equation of (23) and the
second equation of (24), we obtain

kðiÞðk þ 1Þ ¼ PTAxðiÞðkÞ þ TTgiðk þ 1Þ
þ iPTA1xði�1Þðk � sÞ ð29Þ

Using the second equation of (24), (29), and the second
equation of (14), we can get

kðiÞðkÞ ¼ CTQC þ ATPTA
� �

xðiÞðkÞ þ ATTTgiðk þ 1Þ
þ iATPTA1xði�1Þðk � sÞ
þ iAT

1 Pxði�1Þðk þ sþ 1Þ þ gi�1ðk þ sþ 1Þ
� �

ð30Þ

Comparing the second equation of (24) with Eq. (30) and
using (19), we can obtain the adjoint difference equation
in the form of

giðkÞ ¼ ATTTgðiÞðk þ 1Þ þ iATPTA1xði�1Þðk � sÞ
þ iAT

1 Pxði�1Þðk þ 1þ sÞ þ iAT
1 gi�1ðk þ 1þ sÞ ð31Þ

The solution of adjoint difference Eq. (31) can be described
as

giðkÞ ¼ lim
m!1

ATTT
� �m

giðmÞ

þ
X1

m¼0

ATTT
� �m

iATPTA1xði�1Þðk � sþ mÞ
��

þiAT
1 Pxði�1Þðk þ 1þ sþ mÞ

þiAT
1 gi�1ðk þ 1þ sþ mÞ

��

ð32Þ

Using the last equation of (14) and the second equation of
(24), we get

gið1Þ ¼ �PxðiÞð1Þ ð33Þ
Noting the fact that x(i)(k) are bounded as k increases to
infinity, we have

lim
N!1

giðNÞk k < c ð34Þ

where c is a positive integer related to v(1). According to
the theory of optimal control, we have

kiðTAÞj j ¼ ki ATTT
� ��� �� < 1 ð35Þ

Thus, we have limmfi1(ATTT)m = 0. From (32) we can ob-
tain the solution of gi (k) in (22). Substituting (25) and (28)
into (12), we obtain the OTC law (18).

In order to prove the existence and uniqueness of the
optimal control law, it is only required to prove the
existence and uniqueness of the positive-definite matrix P,
the matrices P1 and P2, respectively. The existence and
uniqueness of the positive-definite matrix P follow from
condition (i) of Theorem 1 that (A,B) is completely
controllable and (A,C) is completely observable. Next,
we will prove the existence and uniqueness of P1 and P2,
respectively. From (35), condition (ii) of Theorem 1, and
the exosystem (2), we have

ki ATTT
� �

kjðFÞ 6¼ 1; i¼ 1;2; � � � ;n; j¼ 1;2; � � � ;n ð36Þ

and

ki ATTT
� �

kjðGÞ 6¼ 1; i ¼ 1; 2; � � � ; n; j ¼ 1; 2; � � � ; n
ð37Þ

According to Lemma 1 we know that P1 and P2 are exis-
tent and unique, which are the solutions of Stein equations
(20) and (21), respectively. The proof is complete. h
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4. Approximately optimal algorithm

The infinite series
P1

i¼1
1
i!

giðk þ 1Þ in OTC law (18) is
almost impossible to be solved precisely. In practice, a sub-
optimal control law is obtained by replacing 1 with some
positive integer M. The Mth step suboptimal tracking con-
trol (SOTC) law can be written as

uMðkÞ ¼ �SBT

(

P AxðkÞ þ A1xðk � sÞ½ � þ P1FzðkÞ

þ PMDþ P2G½ �vðkÞ þ
XM

i¼1

1

i!
giðk þ 1Þ

)

ð38Þ

From (38), we can get an iteration formula for the SOTC
law

u0ðkÞ ¼ �SBT PAxðkÞ þ PA1xðk � sÞ½
þ P1FzðkÞ þ PMDþ P2Gð ÞvðkÞ�

uiðkÞ ¼ ui�1ðkÞ �
1

i!
SBTgiðk þ 1Þ

i ¼ 1; 2; � � � ;M

ð39Þ

We can select M according to the control precision of the per-
formance index. Next, we will give a practical algorithm cal-
culating the SOTC law in (39) by using the following steps:

Step 1: Obtain P, P1, P2 and u0(k) from (19)–(21) and
the first equation of (39), respectively; choose
a small enough number d > 0; let J�1 =1
and i = 1.

Step 2: Get the closed loop system by substituting ui (k)
into system (1); obtain the desired output ~yðkÞ
from (3), e(k) from (5), and J0 from the
equation

J i ¼
X1

k¼0

eTðkÞQeðkÞ þ uT
i ðkÞRuiðkÞ

� �
ð40Þ

Step 3: If |(Ji � Ji�1)/JM| < d, let M = i, output the
SOTC law uM(k) and stop.

Step 4: Otherwise letting i = i + 1; obtain gi(k) from
(22) and get ui(k) by substituting gi(k) into
(39), go to step 2.

5. Physically realizable problem of the OTC law

Note that the OTC law in (18) contains the state vectors
v and z of exosystems (2) and (3), which are physically
unrealizable. In practical engineering, we can reconstruct
state vectors v and z by using observers. In this section,
we consider the construction problem of the reduced-order
disturbance observer and reference input observer,
respectively.

It is well known that for the full rank matrix D in (2), a
constant matrix L 2 R(q�p)·q must exist such that the
matrix [DTLT] 2 Rq·q is nonsingular. Let

T ¼
D

L

� 	�1

¼ ½T1 T2 �; T�1GT ¼
G1 G12

G21 G2

� 	
ð41Þ

where T1 2 Rq�p, T2 2 Rq�ðq�pÞ, G1 2 Rp·p, G12 2 Rp·(q�p),
G21 2 R(q�p)·p, and G2 2 R(q�p)·(q�p). In order to construct
a disturbance observer, we make an equivalent linear trans-
formation v ¼ T�v. Denote that �vT ¼ ½�vT

1 �vT
2 � , where

�v1 2 Rp, �v2 2 Rðq�pÞ. An equivalent system of exosystem
(2) is obtained as follows:

�v1ðk þ 1Þ ¼ G1�v1ðkÞ þ G12�v2ðkÞ
�v2ðk þ 1Þ ¼ G21�v1ðkÞ þ G2�v2ðkÞ
wðkÞ ¼ �v1ðkÞ

ð42Þ

Note that �v1 is just the output w of exosystem (2). We only
need to construct a reduced-order observer with respect to
�v2. Noting that DT ¼ ½ Im 0 � and (G,D) is completely ob-
servable, we can obviously see that (G2,G12) is also com-
pletely observable. Construct the reduced-order
disturbance observer as follows:

rðk þ 1Þ ¼ bGrðkÞ þ bDwðkÞ
v̂2ðkÞ ¼ rðkÞ þ KwðkÞ

ð43Þ

where r 2 R(q�p) is a reconstructed vector; bG ¼ G2 � KG12,
bD ¼ G2K � KG12K þ G21 � KG1; v̂2 is the observing value
of �v2; K is a gain matrix to be found. In order to guarantee
the speediness and nicety of observer in (43), we can select
matrix K such that all the eigenvalues of matrix G2 � KG12

are assigned to appointed places. From (2), (41) and (43),
we can get the observing value of v(k) as

v̂ðkÞ ¼ T2rðkÞ þ ðT1 þ T2KÞwðkÞ ð44Þ

Similarly, we can construct the reduced-order reference in-
put observer as

gðk þ 1Þ ¼ bFgðkÞ þcH ysðkÞ
ẑ2ðkÞ ¼ gðkÞ þ bK ysðkÞ

ð45Þ

The observing value of z(k) is as follows:

ẑðkÞ ¼ bT 2gðkÞ þ ðbT 1 þ bT 2
bK ÞysðkÞ ð46Þ

where g 2 R(l�m) is a reconstructed vector; ẑ2 is the observ-
ing value of z2;

bF ¼ F2 � bK F12; cH ¼ F2
bK � bK F12

bK þ F21 � bK F1

bT ¼
H

M

� 	�1

¼ ½ bT 1
bT 2 �; bT�1F bT ¼

F1 F12

F21 F2

� 	

where bK is a gain matrix to be found. In order to guarantee
the speediness and nicety of observer in (45), we can select
matrix bK such that all the eigenvalues of matrix F2 � bK F12

are assigned to appointed places.
Through the reconstructions of v(k) and z(k), we can

obtain a dynamic OTC law in the form of
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uðkÞ ¼ � SBT PAxðkÞ þ PA1xðk � sÞ
(

þP1F bT 2gðkÞ þ ðbT 1 þ bT 2
bK ÞysðkÞ

h i

þ PMDþ P2Gð Þ T2rðkÞ þ ðT1 þ T2KÞwðkÞ
� �

þ
X1

i¼1

1

i!
giðk þ 1Þ

)

ð47Þ

In practical engineering, a suboptimal control law is ob-
tained by replacing 1 with some positive integer M. Then
the Mth dynamic SOTC law may be written as

uMðkÞ ¼ � SBT PAxðkÞ þ PA1xðk � sÞ
(

þP1F bT 2gðkÞ þ bT 1 þ bT 2
bK


 �
ysðkÞ

h i

þ PMDþ P2Gð Þ T2rðkÞ þ ðT1 þ T2KÞwðkÞ
� �

þ
XM

i¼1

1

i!
giðk þ 1Þ

)

ð48Þ

6. Simulations

Consider the 2nd-order discrete system described by (1)
and (2), where

A ¼
1 0:1

�0:2 0:9

� 	
; A1 ¼

0:1 0

0 �0:1

� 	
; B ¼

0

0:1

� 	
;

M ¼
0:1

0:1

� 	
; C ¼ ½ 0 20 �

The disturbance vector is described by exosystem (2), where

G ¼
0:95 0:18

�0:18 0:9

� 	
; D ¼ ½ 1 0:1 �; vð0Þ ¼ ½ 0 1 �T

The initial condition of the system is
uðkÞ ¼ ½ 0 0:5 �T; k ¼ �8;�7; . . . ;�1; 0. The desired out-
put can be described by (3), where

F ¼
0:9 0:1

�0:2 0:8

� 	
; H ¼

0:2

0

� 	T

; zð0Þ ¼
1

0

� 	

We choose quadratic performance index (4). Let the
weighting matrices in (4) be Q = 8 and R = 1.

The simulation curves of the output error, state variable,
and control law with the two methods are presented in
Figs. 1–3, respectively. The performance index values Ji

at different iteration times are listed in Table 1.
From Table 1, we can see that Ji > Ji+1(i = 1,2,. . .). That

is, the performance index values decrease as iteration time
increases. By expanding the system’s dimension, we obtain
the optimal performance index J* = 1.957. Hence,
J18 = 1.959 is very near the optimal performance index
J*. From the simulation results, we can conclude that the
proposed algorithm is effective under different time-delays,
especially for systems with long time-delay.

7. Conclusions

By introducing a sensitivity parameter, the original OTC
problem has been transformed into a series of TPBV prob-
lems without time-advance and time-delay terms to avoid

Fig. 1. Simulation curves of output error e(k).

Fig. 2. Simulation curves of control law u(k).

Fig. 3. Simulation curves of state variable x1(k).

Table 1
Performance index values Ji

i 0 1 2 3
Ji 3.284 2.869 2.622 2.372
i 6 10 15 18
Ji 2.084 2.007 1.966 1.959
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solving the TPBV problem with both time-advance and
time-delay terms. An approximate regulator for the OTC
problem of discrete time-delay systems affected by exoge-
nous disturbances with a quadratic performance index
has been presented. The simulation results have shown that
the obtained regulator is easy to implement and robust
with respect to additive persistent disturbances.
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